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STEIN-WEISS INEQUALITIES WITH THE FRACTIONAL POISSON
KERNEL
LU CHEN, ZHAO LIU, GUOZHEN LU, AND CHUNXIA TAO
Abstract. In this paper, we establish the following Stein-Weiss inequality with the
fractional Poisson kernel (see Theorem 1.1):
(0.1)
∫
R
n
+
∫
∂Rn
+
|ξ|−αf(ξ)P (x, ξ, γ)g(x)|x|−βdξdx ≤ Cn,α,β,p,q′‖g‖Lq′(Rn
+
)‖f‖Lp(∂Rn+),
where P (x, ξ, γ) = xn
(|x′−ξ|2+x2
n
)
n+2−γ
2
, 2 ≤ γ < n, f ∈ Lp(∂Rn+), g ∈ L
q′(Rn+) and p, q
′ ∈
(1,∞) and satisfy n−1n
1
p +
1
q′ +
α+β+2−γ
n = 1. Then we prove that there exist extremals
for the Stein-Weiss inequality (0.1) and the extremals must be radially decreasing about
the origin (see Theorem 1.5). We also provide the regularity and asymptotic estimates
of positive solutions to the integral systems which are the Euler-Lagrange equations of
the extremals to the Stein-Weiss inequality (0.1) with the fractional Poisson kernel (see
Theorems 1.7 and 1.8). Our result is inspired by the work of Hang, Wang and Yan [29]
where the Hardy-Littlewood-Sobolev type inequality was first established when γ = 2
and α = β = 0 (see (1.5)). The proof of the Stein-Weiss inequality (0.1) with the
fractional Poisson kernel in this paper uses our recent work on the Hardy-Littlewood-
Sobolev inequality with the fractional Poisson kernel [18] and the present paper is a
further study in this direction.
Keywords: Existence of extremal functions; Stein-Weiss inequality; Poisson kernel; Hardy
inequality in high dimensions.
2010 MSC. 35B40, 45G15.
1. Introduction
The study and understanding of various kinds of weighted integral inequalities has at-
tracted a great attention of many people due to the importance of such inequalities in
applications to problems in harmonic analysis and partial differential equations. Gener-
ally, these inequalities play a key role in establishing the existence and radial symmetry
results for certain non-linear equations. Let us first recall the Stein-Weiss inequality.
The first and fourth authors were partly supported by a grant from the NNSF of China (No.11371056),
the second author was partly supported by a grant from the NNSF of China (No.11801237), the third
author was partly supported by a grant from the Simons Foundation.
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The well-known Stein-Weiss inequality which was established by Stein and Weiss in
[40] states that
(1.1)
∫
Rn
∫
Rn
|x|−α|x− y|−λf(x)g(y)|y|−βdxdy ≤ Cn,α,β,p,q′‖f‖Lq′(Rn)‖g‖Lp(Rn),
where 1 < p, q′ <∞, α, β and λ satisfy the following conditions,
1
q′
+
1
p
+
α + β + λ
n
= 2,
1
q′
+
1
p
≥ 1,
α + β ≥ 0, α <
n
q
, β <
n
p′
, 0 < λ < n.
(see also an alternative proof of establishing the Stein-Weiss inequalities recently found
in [28] by using conditions on weights to guarantee the weighted boundedness of frac-
tional integrals given in [37] and such a method also applies to establish the Stein-Weiss
inequalities on the Heisenberg groups.) Lieb [32] used the method based on symmetriza-
tion argument and the Riesz rearrangement to establish the existence of extremals for
the inequality (1.1) in the case p < q and α, β ≥ 0. Furthermore, in the case of p = q,
the extremals can’t be expected to exist (see Lieb [32] and also Herbst [30] for the case
λ = n−1, p = q = 2, α = 0, β = 1). In the case of p = q, Beckner [3, 4] obtained the sharp
constant of the Stein-Weiss inequalities (1.1) by establishing an equivalent formulation
as a convolution estimate on the product manifold R+ × Sn−1. The precise estimate of
the sharp constant of the Stein-Weiss inequalities for the case of p 6= q was also estab-
lished in [4]. For more results about proving precise estimates for Stein-Weiss functionals
in conjunction with the study of Housdorff-Young and Pitt’s type inequalities and their
multilinear versions, we refer the reader to the works of Beckner [1, 2, 5, 6, 7, 8]. We
note that the existence of extremal functions for the Stein-Weiss inequalities in the case
p < q under the assumption α + β ≥ 0 has been established by Chen, Lu and Tao [19],
which extends Lieb’s result under the stronger assumption that α ≥ 0 and β ≥ 0, using
the concentration-compactness of Lions ([34, 35]).
In the special case of α = β = 0, the Stein-Weiss inequality (1.1) becomes the following
Hardy-Littlewood-Sobolev (HLS) inequality (see [27, 38]),
(1.2)
∫
Rn
∫
Rn
|x− y|−λf(x)g(y)dxdy ≤ Cn,p,q′‖f‖Lq′(Rn)‖g‖Lp(Rn),
where 1 < q′, p < ∞, 0 < λ < n and 1
q′
+ 1
p
+ λ
n
= 2. When one of p and q′ equals 2 or
p = q′, Lieb [32] obtained the sharp constants of this inequality. By using the competing
symmetry method, Carlen and Loss [12] provided a different proof from Lieb’s of the
sharp constants and extremal functions in the diagonal case p = q
′
= 2n
2n−λ
and Frank and
Lieb [24] offered a new proof using the reflection positivity of inversions in spheres in the
special diagonal case. Carlen, Carillo and Loss gave a simple proof of the sharp Hardy-
Littlewood-Sobolev inequality when λ = n−2 for n ≥ 3 via a monotone flow governed by
the fast diffusion equation [11]. Frank and Lieb [25] further employed a rearrangement-
free technique developed in [26] to recapture the best constant of inequality (1.2). When
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q′ = p = 2n
2n−λ
, Euler-Lagrange equation of the extremals to the HLS inequality is a
conformal invariant integral equation. Using the method of moving plane or moving-
sphere in integral forms (see [15, 31]), one can classify the positive solutions to this integral
equation. The HLS and Stein-Weiss inequalities also have many applications in partial
differential equations. One can also see [3, 13, 14, 17, 36] and the references therein.
Dou [20] established a double weighted HLS inequality on upper half space Rn+ :
(1.3)
∫
Rn+
∫
∂Rn+
|x|−α|x− y|−λf(x)g(y)|y|−βdxdy ≤ Cn,α,β,p,q′‖f‖Lp(∂Rn+)‖g‖Lq′(Rn+),
where p, q′, α, β and λ satisfy the following conditions:
1
q′
+
n− 1
np
+
α + β + λ+ 1
n
= 2,
1
q′
+
1
p
≥ 1,
α + β ≥ 0, α <
n− 1
p′
, β <
n
q
, 0 < λ < n− 1.
In the case α, β ≥ 0 and p < q, he also discussed the existence of extremals for this
inequality through the rearrangement inequality. If we set α = β = 0 in the inequality
(1.3), then this inequality reduces to the HLS inequality on upper half space which was
studied by Dou and Zhu [22].
Recently, Chen, Lu and Tao [18] considered the sharp HLS inequality with the fractional
Poisson kernel which can be seen as a extension of inequality (1.2),
(1.4)
∫
Rn+
∫
∂Rn+
f(ξ)P (x, ξ, γ)g(x)dξdx ≤ Cn,α,p,q′‖g‖Lq′(Rn+)‖f‖L
p(∂Rn+)
,
where 1 < p, q′ < ∞ and 2 ≤ γ < n, satisfying n−1
n
1
p
+ 1
q′
+ 2−γ
n
= 1 and P (x, ξ, γ) is the
fractional Poisson kernel which will be defined below. They employed the rearrangement
inequality and Lorentz interpolation to obtain the existence of extremals to the inequality
(1.4). Furthermore, the radial symmetry of extremals was also established through the
method of moving-plane in integral forms. We also note that P (x, ξ, γ) can be seen as the
fundamental solution of the fractional Laplacian operator. In fact, when γ = 2, P (x, ξ, γ)
is actually the classical Poisson kernel corresponding to the fundamental solution of the
Laplacian operator. Inequality (1.4) for γ = 2 is equivalent to the following integral
inequality with the Poisson kernel which was first established by Hang, Yang and Wang
in [29],
(1.5) ‖
∫
∂Rn+
P (x, ξ, 2)f(ξ)dξ‖Lq(Rn+) ≤ C(n, p)‖f‖Lp(∂Rn+),
where P (x, ξ, 2) = cn
xn
(|x′−ξ|2+x2n)
n
2
and q = np
n−1
.
In the spirit of the aforementioned works, we are interested to investigate whether
the HLS type inequality (1.4) can be extended to a weighted HLS inequality with the
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fractional Poisson kernel. Furthermore, we would like to know if such an inequality have
an extremal function for all the indices.
In the present paper, we provide positive answers to these questions. We first establish
Stein-Weiss inequality with the fractional Poisson kernel.
Theorem 1.1. For n ≥ 3, 1 < p <∞, 1 < q′ <∞, n−1
n
1
p
+ 1
q′
≥ 1, 2 ≤ γ < n, α < n−1
p′
,
β < n
q
+ 1, α + β ≥ 0, satisfying
(1.6)
n− 1
n
1
p
+
1
q′
+
α + β + 2− γ
n
= 1,
then there exists some constant Cn,α,p,q′ > 0 such that for any functions f ∈ L
p(∂Rn+) and
g ∈ Lq
′
(Rn+), there holds
(1.7)
∫
Rn+
∫
∂Rn+
|ξ|−αf(ξ)P (x, ξ, γ)g(x)|x|−βdξdx ≤ Cn,α,β,p,q′‖g‖Lq′(Rn+)‖f‖L
p(∂Rn+)
,
where P (x, ξ, γ) = xn
(|x′−ξ|2+x2n)
n+2−γ
2
with x = (x′, xn) ∈ R
n−1 × R+.
Remark 1.2. When α = β = 0, p = 2(n−1)
n+α−2
and q′ = 2n
n+α
, Dou, Guo and Zhu [21] applied
the methods based on conformal transformation and moving sphere in integral forms to
obtain extremal functions of the inequality (1.7) and computed the sharp constant.
Define the double weighted operator
(1.8)
V (f)(x) =
∫
∂Rn+
|ξ|−αP (x, ξ, γ)f(ξ)|x|−βdξ, W (g)(ξ) =
∫
Rn+
|ξ|−αP (x, ξ, γ)g(x)|x|−βdx.
By duality, we can see that the inequality (1.7) is equivalent to the following weighted
inequality
(1.9) ‖V (f)‖Lq(Rn+) ≤ Cn,α,β,p,q′‖f‖Lp(∂Rn+), ‖W (g)‖Lp′(∂Rn+) ≤ Cn,α,β,p,q
′‖g‖Lq′(Rn+).
where 1
q
= n−1
n
1
p
+ α+β+2−γ
n
and 1
p′
= n
n−1
1
q′
+ α+β+1−γ
n−1
.
By the Marcinkiewicz interpolation theorem (see [41]), we immediately obtain the fol-
lowing stronger results involving the Lorentz norm Lp,q(∂Rn+).
Corollary 1.3. Assume that p, q, α, β and γ satisfy the conditions of Theorem 1.1, then
there holds
(1.10) ‖V (f)‖Lq(Rn+) ≤ Cn,α,β,p,q′‖f‖Lp,q(∂Rn+).
When γ = 2, we can conclude the following Stein-Weiss inequality with the Poisson
kernel from Theorem 1.1.
Corollary 1.4. For n ≥ 3, 1 < p < ∞, 1 < q′ < ∞, α < n−1
p′
, β < n
q
+ 1, α + β = 0,
satisfying
(1.11)
n− 1
n
1
p
+
1
q′
= 1,
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then there exists some constant Cn,α,p,q′ > 0 such that for any functions f ∈ L
p(∂Rn+) and
g ∈ Lq
′
(Rn+), there holds∫
Rn+
∫
∂Rn+
|ξ|−αf(ξ)P (x, ξ, 2)g(x)|x|−βdξdx ≤ Cn,α,β,p,q′‖g‖Lq′(Rn+)‖f‖L
p(∂Rn+)
.
Next, we start to establish the existence of a maximizing pair of functions (f(ξ), g(x))
giving equality in (1.7), which means finding f(ξ) ∈ Lp(∂Rn+) with ‖f‖Lp(∂Rn+) = 1 and
1
q
= n−1
n
1
p
+ α+β+2−γ
n
such that
‖V (f)‖Lq(Rn+) = sup{‖V (h)‖Lq(Rn+) : h ≥ 0, ‖h‖Lp(∂Rn+) = 1} = Cn,α,β,p,q′.
In the following result, we prove such an extremal function for (1.7) indeed exists.
Theorem 1.5. For n ≥ 3, 1 < p <∞, 1 < q′ <∞, n−1
n
1
p
+ 1
q′
≥ 1, 2 ≤ γ < n, α < n−1
p′
,
β < n
q
+ 1, α, β ≥ 0 satisfying
1
q
=
n− 1
n
1
p
+
α + β + 2− γ
n
,
there exists some nonnegative function f ∈ Lp(∂Rn+) satisfying ‖f‖Lp(∂Rn+) = 1 and
‖V (f)‖Lq(Rn+) = Cn,α,β,p,q′. Furthermore, if (f(ξ), g(x)) is a pair of maximizer of the in-
equality (1.7), then f(ξ) is radially symmetric and monotone decreasing about the origin
and g(x) = c0V (f)(x) for some c0 > 0.
Remark 1.6. Given h a measurable function on ∂Rn+, let h
∗ be the decreasing rearrange-
ment of h. According to the Brascamp-Lieb-Luttinger rearrangement inequality (see [9]),
we have
‖h∗‖Lp(∂Rn+) = ‖h‖Lp(∂Rn+), ‖V (h)‖Lq(Rn+) ≤ ‖V (h
∗)‖Lq(Rn+).
Hence if (f, g) is a pair of maximizer of the inequality (1.7), then we must have
‖V (f)‖Lq(Rn+) = ‖V (f
∗)‖Lq(Rn+),
which implies that f is radially symmetric and monotone decreasing about the origin.
Noting that (f, g) is a pair of maximizer of the inequality (1.7), using the Ho¨lder inequality,
we derive that
Cn,α,β,p,q′‖g‖Lq′(Rn+)‖f‖L
p(∂Rn+)
=
∫
Rn+
V (f)(x)g(x)dx
≤ ‖V (f)‖Lq(Rn+)‖g‖Lq′(Rn+)
≤ Cn,α,β,p,q′‖g‖Lq′(Rn+)‖f‖L
p(∂Rn+)
.
(1.12)
Hence the Ho¨lder inequality∫
Rn+
V (f)(x)g(x)dx ≤ ‖V (f)‖Lq(Rn+)‖g‖Lq′(Rn+)
must be an equality, which implies that g(x) = c0V (f)(x) for some c0 > 0.
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Since we have established the existence of extremals to the inequalities (1.7), we are
naturally concerned with some properties such as the regularity and asymptotic behavior
of the extremals. To this purpose, by maximizing the functional
(1.13) J(f, g) =
∫
Rn+
∫
∂Rn+
|ξ|−αf(ξ)|P (x, ξ, γ)g(x)|x|−βdξdx
under the constraint ‖f‖Lp(∂Rn+) = ‖g‖Lq′(Rn+) = 1 and Euler-Lagrange multiplier theorem,
we can derive the following double weighted integral system associated with the fractional
Poisson kernel.
(1.14)
{
J(f, g)f(ξ)p−1 =
∫
Rn+
|ξ|−αP (x, ξ, γ)g(x)|x|−βdx, ξ ∈ ∂Rn+,
J(f, g)g(x)q
′−1 =
∫
∂Rn+
|x|−βP (x, ξ, γ)f(ξ)|ξ|−αdξ, x ∈ Rn+.
Let u = c1f
p−1, v = c2g
q′−1, 1
p−1
= p0 and
1
q′−1
= q0 and pick two suitable constants c1
and c2, then system (1.14) is simplified as
(1.15)
{
u(ξ) =
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0(x)|x|−βdx, ξ ∈ ∂Rn+,
v(x) =
∫
∂Rn+
|x|−βP (x, ξ, γ)up0(ξ)|ξ|−αdξ, x ∈ Rn+,
where α, β ≥ 0, p0 and q0 satisfy
n−1
n
1
p0+1
+ 1
q0+1
= n+α+β+1−γ
n
.
Next, we give the regularity estimates and asymptotic behaviors of the solutions to the
integral system (1.15).
Theorem 1.7. Assume that (u, v) ∈ Lp0+1(∂Rn+)×L
q0+1(Rn+) is a pair of positive solutions
of the integral system (1.15), then (u, v) ∈ Lr(∂Rn+)× L
s(Rn+) for all r and s such that
1
r
∈
( α
n− 1
,
n + 2− γ + α
n− 1
)
∩
( 1
p0 + 1
−
n
n− 1
1
q0 + 1
+
β − 1
n− 1
,
1
p0 + 1
−
n
n− 1
1
q0 + 1
+
n+ 1− γ + β
n− 1
)
and
1
s
∈
(β − 1
n
,
n+ 1− γ + β
n
)
∩
( 1
q0 + 1
−
n− 1
n
1
p0 + 1
+
α
n
,
1
q0 + 1
−
n− 1
n
1
p0 + 1
+
n+ 2− γ + α
n
)
.
Theorem 1.8. Assume that (u, v) ∈ Lp0+1(∂Rn+)×L
q0+1(Rn+) is a pair of positive solutions
of the integral system (1.15), suppose that p0, q0 > 1, then there holds
lim
|ξ|→0
u(ξ)|ξ|α =
∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx
if 1
q0
− n+1+β−γ
q0n
> β−1
n
. Similarly,
lim
|x|→0
v(x)|x|β
xn
=
∫
∂Rn+
|u|p0(ξ)
|ξ|n+2−γ+α
dξ
if 1
p0
− n+2+α−γ
p0(n−1)
> α
n−1
.
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Finally, we are also interested in studying the following single weighted integral system
with the fractional Poisson kernel
(1.16)
{
u(ξ) =
∫
Rn+
P (x, ξ, γ)|x|−βvq0(x)dx, ξ ∈ ∂Rn+,
v(x) =
∫
∂Rn
P (x, ξ, γ)|ξ|−αup0(ξ)dξ, x ∈ Rn+.
With the help of the Pohozaev identity, we establish the following necessary condition.
Theorem 1.9. For 2 < γ < n, 0 < p0 <∞, 0 < q0 <∞, suppose that there exists a pair
of C1 positive solutions (u, v) ∈ Lp0+1(|ξ|−αdξ, ∂Rn+) × L
q0+1(|x|−βdx,Rn+) satisfying the
integral system (1.16), then the following balance condition must hold:
n− 1− α
p0 + 1
+
n− β
q0 + 1
= n+ 1− γ.
This paper is organized as follows. In Section 2, we employ the weighted Hardy in-
equality in high dimensions and the HLS inequality with the fractional Poisson kernel
inequality to establish the Stein-Weiss inequality with the fractional Poisson kernel (1.7).
In Section 3, we discuss the existence of extremals to the inequality (1.7) through the
rearrangement argument. Sections 4 and 5 are devoted to the regularity and asymptotic
behavior to the double weighted integral system associated with the fractional Poisson
kernel.
Acknowledgement: The authors wish to thank the referee for his many helpful com-
ments on the paper which have improved the exposition and for many constructive sug-
gestions to improve the paper. In the earlier version of the paper, the radial symmetry
of the extremal functions was established by using the moving plane method in integral
forms. It is pointed out by the referee that the radial symmetry of the extremal functions
of the Stein-Weiss inequality follows quickly from the Brascamp-Lieb-Luttinger theorems.
The third author wishes to thank William Beckner for his many constructive comments
on the earlier version of the paper posted in the arxiv.org and for his insightful suggestions
and encouragement on possible further study in this direction. His very helpful comments
have led to much improvement on its exposition of the paper as well.
2. The proof of Theorem 1.1
Throughout this section, we shall establish the Stein-Weiss inequalities with the frac-
tional Poisson kernel. For simplicity, we give the following notations. Define
BR(x) = {y ∈ R
n : | y − x |< R, x ∈ Rn},
Bn−1R (x) = {y ∈ ∂R
n
+ : | y − x |< R, x ∈ ∂R
n
+},
B+R (x) = {y = (y1, y2, ..., yn) ∈ BR(x) : yn > 0, x ∈ R
n
+}.
For x = 0, we can also write BR = BR(0), B
n−1
R = B
n−1
R (0), B
+
R = B
+
R (0). The following
lemma will be used in the proof of Theorem 1.1. This is an analogue on the half space
given in [20] of the result proved in [23] on the entire space.
8 LU CHEN, ZHAO LIU, GUOZHEN LU, AND CHUNXIA TAO
Lemma 2.1. Let W (x) and U(ξ) be non-negative locally integrable functions defined on
R
n
+ and ∂R
n
+ respectively, for 1 < p ≤ q <∞ and f ≥ 0 on ∂R
n
+,
(2.1)
(∫
Rn+
W (x)
(∫
Bn−1
|x|
f(ξ)dξ
)q
dx
) 1
q
≤ C0(p, q)
(∫
∂Rn+
f p(ξ)U(ξ)dξ
) 1
p
,
holds if and only if
(2.2) A0 = sup
R>0
{(∫
|x|≥R
W (x)dx
) 1
q
(∫
|ξ|≤R
U1−p
′
(ξ)dξ
) 1
p′
}
<∞.
On the other hand,
(2.3)
(∫
Rn+
W (x)
(∫
∂Rn+\B
n−1
|x|
f(ξ)dξ
)q
dx
) 1
q
≤ C0(p, q)
(∫
∂Rn+
f p(ξ)U(ξ)dξ
) 1
p
,
holds if and only if
(2.4) A1 = sup
R>0
{(∫
|x|≤R
W (x)dx
) 1
q
(∫
|ξ|≥R
U1−p
′
(ξ)dξ
) 1
p′
}
<∞.
We now continue with the proof of the Theorem 1.1.
Proof. Without loss of generality, we may assume that f is nonnegative. Define the double
weighted integral operator associated with the fractional Poisson kernel
P (f)(x) =
∫
∂Rn+
P (x, ξ, γ)f(ξ)dξ.
It is easy to verify that inequality (1.7) is equivalent to the following inequality
||P (f)|x|−β||Lq(Rn+) ≤ Cn,α,β,p,q′||f |ξ|
α||Lp(∂Rn+).
Since q > 1, it follows that
‖P (f)|x|−β‖q
Lq(Rn+)
. P1 + P2 + P3,
where
P1 =
∫
Rn+
(
|x|−β
∫
Bn−1
|x|/2
xnf(ξ)
|x− ξ|n+2−γ
dξ
)q
dx,
P2 =
∫
Rn+
(
|x|−β
∫
Bn−1
2|x|
\Bn−1
|x|/2
xnf(ξ)
|x− ξ|n+2−γ
dξ
)q
dx,
P3 =
∫
Rn+
(
|x|−β
∫
∂Rn+\B
n−1
2|x|
xnf(ξ)
|x− ξ|n+2−γ
dξ
)q
dx.
Thus we just need to show
Pj ≤ Cn,α,β,p,q′‖f |ξ|
α‖q
Lp(∂R+n )
, j = 1, 2, 3.
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First, let us examine P1. Since |ξ| ≤
|x|
2
in this case, we derive that
P1 .
∫
Rn+
|x|−βq−(n+1−γ)q
(∫
Bn−1
|x|/2
f(ξ)dξ
)q
dx.(2.5)
Taking W (x) = |x|−βq−(n+1−γ)q and U(ξ) = |ξ|αp in (2.1), we conclude that
P1 ≤ Cn,α,β,p,q′‖f |ξ|
α‖q
Lp(∂R+n )
if W (x) and U(ξ) satisfy (2.2). Indeed, since α < n−1
p′
, then for any R > 0, one has∫
|x|≥R
W (x)dx =
∫
|x|≥R
|x|−βq−(n+1−γ)qdx
=
∫
∂B+1
dξ
∫ ∞
R
t−βq−(n+1−γ)q+n−1dt
= C1(n, λ, β, q)R
−βq−(n+1−γ)q+n,
(2.6)
and ∫
|ξ|≤R
U1−p
′
(ξ)dξ =
∫
|ξ|≤R
(|ξ|αp)1−p
′
dξ
=
∫
Sn−2
dη
∫ R
0
rαp(1−p
′)+n−2dr
= C2(n, λ, α, p)R
αp(1−p′)+n−1.
(2.7)
Combining(1.11), (2.6) and (2.7), we derive that(∫
|x|≥R
W (x)dx
) 1
q
(∫
|y|≤R
U1−p
′
(y)dy
) 1
p′
< C(n, α, β, λ, p)R
−β−(n+1−γ)+n
q
+αp(1−p
′)+n−1
p′
= C(n, α, β, λ, p).
Next we estimate P3. Since |ξ| ≥ 2x in this case, it follows that |ξ − x| ≥
|ξ|
2
. Taking
W (x) = |x|(−β+1)q and U(ξ) = |ξ|(n+2−γ+α)p in (2.3), we obtain
P3 .
∫
Rn+
(
|x|(−β+1)q
∫
∂Rn+\B
n−1
2|x|
f(ξ)|ξ|−(n+2−γ)dξ
)q
dx ≤ C(n, α, β, λ, p)‖f |ξ|α‖q
Lp(∂R+n )
if the condition (2.4) is satisfied. In fact, since β < n
q
+1, then for any R > 0, there holds∫
|x|≥R
W (x)dx =
∫
|x|≥R
|x|(−β+1)qdx
=
∫
∂B+1
dξ
∫ ∞
R
t(−β+1)q+n−1dt
= C1(n, λ, β, q)R
(−β+1)q+n,
(2.8)
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∫
|ξ|≤R
U1−p
′
(ξ)dξ =
∫
|ξ|≤R
(|ξ|(n+2−γ+α)p)1−p
′
dξ
=
∫
Sn−2
dη
∫ R
0
r(n+2−γ+α)p(1−p
′)+n−2dr
= C2(n, λ, α, p)R
(n+2−γ+α)p(1−p′)+n−1.
(2.9)
Combining (2.8) and (2.9), we verify that condition (2.4) holds.
We are left to estimate P2. Since
|x|
2
< |ξ| < 2|x| and α + β ≥ 0, it is easy to check
|x− ξ|α+β < 3α+β|ξ|α+β ≤ 3α+β2β|x|β|ξ|α.
Thus
P2 =
∫
Rn+
(
|x|−β
∫
Bn−1
2|x|
\Bn−1
|x|/2
xnf(ξ)
|x− ξ|n+2−γ
dξ
)q
dx
≤
∫
Rn+
(∫
Bn−1
2|x|
\Bn−1
|x|/2
xnf(ξ)|ξ|
α
|x− ξ|α+β+n+2−γ
dξ
)q
dx
≤
∫
Rn+
(∫
∂Rn+
xnf(ξ)|ξ|
α
|x− ξ|n+2−(γ−α−β)
dξ
)q
dx.
According to the hypotheses of Theorem 1.1, we can calculate 2 ≤ γ−α−β < n. Thanks
to the integral inequality (1.4), we get
P2 ≤ Cn,α,β,p,q′‖f |ξ|
α‖q
Lp(∂Rn+)
.
Thus we accomplish the proof of Theorem 1.1. 
3. The proof of Theorem 1.5
In this section, we shall employ the rearrangement inequality and Corollary 1.3 to
investigate the existence of maximizers for the maximizing problem
(3.1) Cn,α,β,p,q′ := sup{‖V (f)‖Lq(Rn+) : f ≥ 0, ‖f‖Lp(∂Rn+) = 1}.
.
For simplicity, we first give some notations. Given f a measurable function on ∂Rn+,
0 < r, s < +∞, define the Lorentz norm with indices r and s as
‖f‖Lr,s(∂Rn+) =


(∫∞
0
(
t
1
r f ∗(t)
)s dt
t
) 1
s
, if s <∞,
supt>0 t
1
pf ∗(t), if s =∞,
where f ∗(t) denotes the decreasing rearrangement of f . Now we start our proof.
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Proof of the theorem 1.5: Assume {fj}j is a maximizing sequence for problem (3.1),
namely
‖fj‖Lp(∂Rn+) = 1 and limj→+∞
‖V (fj)‖Lq(Rn+) = Cn,α,β,p,q′.
Since α, β ≥ 0, by the Riesz rearrangement inequality (see [9, 33]), we obtain
‖f ∗j ‖Lp(∂Rn+) = ‖fj‖Lp(∂Rn+) = 1, ‖V (fj)‖
q
Lq(Rn+)
≤ ‖V (f ∗j )‖
q
Lq(Rn+)
.
Hence we may assume {fj}j is a nonnegative radially decreasing sequence. Given any
f ∈ Lp(∂Rn+) and λ > 0, define f
λ
j (ξ) = λ
−n−1
p f( ξ
λ
). It is easy to verify that
‖fλj ‖Lp(∂Rn+) = ‖fj‖Lp(∂Rn+), ‖V (f
λ
j )‖Lq(Rn+) = ‖V (fj)‖Lq(Rn+).
So is {fλj }j a maximizing sequence for problem (3.1). Set
e1 = (1, 0, ..., 0) ∈ R
n−1, aj = sup
λ>0
fλj (e1) = sup
λ>0
λ
−n−1
p fj(
e1
λ
).
Direct computations yield that
0 ≤ fj(ξ) ≤ aj |ξ|
−n−1
p and ‖fj‖Lp,∞(∂Rn+) ≤ w
1
p
n−2aj.
With the help of Corollary 1.3, we have
‖V (fj)‖Lq(Rn+) . ‖fj‖Lp,q(∂Rn+)
. ‖fj‖
1− p
q
Lp,∞‖fj‖
p
q
Lp
. a
1− p
q
j ,
which implies that aj ≥ c0 for some c0 > 0. Select λj > 0 satisfying f
λj
j (e1) ≥ c0.
Replacing the sequence {fj}j by the new sequence {f
λj
j }j, still denoted by {fj}j , then we
obtain that fj(e1) ≥ c0 for any j. On the other hand, for any R > 0, we also have
vn−1f
p
j (R)R
n−1 ≤ ωn−2
∫ R
0
f
p
j (r)r
n−2dr
≤ ωn−2
∫ +∞
0
f
p
j (r)r
n−2dr
=
∫
∂Rn+
f
p
j (ξ)dξ = 1,
which implies that
(3.2) 0 ≤ fj(ξ) ≤ v
− 1
p
n−1|ξ|
−n−1
p .
Following the Lieb’s argument based on the Helly theorem, after passing to a subsequence
we may find a nonnegative, radially decreasing function f such that fj → f almost
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everywhere in ∂Rn+. It follows that f(ξ) ≥ c0 for |ξ| ≤ 1 and ‖f‖Lp(∂Rn+) ≤ 1. By
Briesz-Lieb theorem ([10]), we have
(3.3)
lim
j→+∞
‖fj − f‖
p
Lp(∂Rn+)
= lim
j→+∞
‖fj‖
p
Lp(∂Rn+)
− ‖f‖p
Lp(∂Rn+)
= 1− ‖f‖p
Lp(∂Rn+)
.
From (3.2), we know
(3.4) V (fj)(x) . |x|
β
∫
∂Rn+
xn
|ξ|α(|ξ − x′|2 + x2n)
n+2−γ
2
1
|ξ|
n−1
p
dξ.
Since 0 ≤ β < n
q
+ 1, then the right hand of (3.4) is finite. In view of the dominated
convergence theorem, we derive that lim
j→+∞
V (fj)(x) = V (f)(x) for x ∈ R
n
+. Applying
Briesz-Lieb theorem again, one can also derive
lim
j→+∞
‖V (fj)‖
q
Lq(Rn+)
= ‖V (f)‖q
Lq(Rn+)
+ lim
j→+∞
‖V (fj)− V (f)‖
q
Lq(Rn+)
≤ Cqn,α,β,p,q′‖f‖
q
Lp(∂Rn+)
+ Cqn,α,β,p,q′ lim
j→+∞
‖fi − f‖
q
Lp(∂Rn+)
.
Combing this and the inequality (3.3), we conclude that
1 ≤ ‖f‖q
Lp((∂Rn+)
+
(
1− ‖f‖p
Lp((∂Rn+)
) q
p .
Since q > p and f 6= 0, we must have ‖f‖Lp(∂Rn+) = 1. Hence fj → f in L
p(∂Rn+) and f is
a maximizer of the maximizing problem (3.1). Thus we complete the proof of Theorem
1.5.
4. The proof of Theorem 1.7
In this section, we provide the regularity estimate for positive solutions of the integral
system (1.15). We need the following regularity lifting lemma (see [14]).
Let V be a topological vector space. Suppose there are two extended norms (i.e., the
norm of an element in V might be infinity) defined on V ,
‖ · ‖X , ‖ · ‖Y : V −→ [0,∞].
Let
X := {f ∈ V : ‖f‖X <∞} and Y := {f ∈ V : ‖f‖Y <∞}.
The operator T : X → Y is said to be contracting if for any f , g ∈ X , there exists some
constant η ∈ (0, 1) such that
(4.1) ‖T (f)− T (g)‖Y ≤ η‖f − g‖X
and T is said to be shrinking if for any f ∈ X , there exists some constant θ ∈ (0, 1) such
that
(4.2) ‖T (f)‖Y ≤ θ‖f‖X.
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Lemma 4.1. Let T be a contraction map from X into itself and from Y into itself.
Assume that for any f ∈ X, there exists a function g ∈ Z := X ∩ Y such that f =
Tf + g ∈ X. Then f ∈ Z.
Remark 4.2. It is obvious that for a linear operator T , the conditions (4.1) and (4.2)
are equivalent.
Now, we start our proof. Denote
ua(ξ) =
{
u(ξ), |u(ξ)| > a or |ξ| > a,
0, otherwise.
va(x) =
{
v(x), |v(x)| > a or |x| > a,
0, otherwise.
ub(ξ) = u(ξ)− ua(ξ) and vb(x) = v(x)− va(x). Define the linear operator T1 as
T1(h)(ξ) =
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0−1a (x)h(x)|x|
−βdx, ξ ∈ ∂Rn+
and
T2(h)(x) =
∫
Rn+
|x|−βP (x, ξ, γ)up0−1a (ξ)h(ξ)|ξ|
−αdξ, x ∈ Rn+.
Since (u, v) ∈ Lp0+1(∂Rn+) × L
q0+1(Rn+) is a pair of positive solutions of the integral
system (1.15), then
u(ξ) =
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0(x)|x|−βdx,
=
∫
Rn+
|ξ|−αP (x, ξ, γ)(va + vb)
q0−1(x)v(x)|x|−βdx
=
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0−1a (x)v(x)|x|
−βdx+
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0b (x)|x|
−βdx
= T1(v)(ξ) + F (ξ)
and
v(x) =
∫
∂Rn+
|x|−βP (x, ξ, γ)up0(ξ)|ξ|−αdξ,
=
∫
∂Rn+
|x|−βP (x, ξ, γ)(ua + ub)
p0−1(ξ)u(ξ)|ξ|−αdξ
=
∫
∂Rn+
|ξ|−αP (x, ξ, γ)up0−1a (ξ)u(ξ)|x|
−βdξ +
∫
∂Rn+
|ξ|−αP (x, ξ, γ)up0b (ξ)|x|
−βdξ
= T2(u)(x) +G(x),
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where
F (ξ) =
∫
Rn+
|ξ|−αP (x, ξ, γ)vq0b (x)|x|
−βdx, G(x) =
∫
∂Rn+
|ξ|−αP (x, ξ, γ)up0b (ξ)|x|
−βdξ.
Define the operator T (h1, h2) =
(
T1(h2), T2(h1)
)
, equip the product space Lr(∂Rn+) ×
Ls(Rn+) with the norm ‖(h1, h2)‖r,s = ‖h1‖Lr(∂Rn+)+‖h2‖Ls(Rn+). It is easy to see the product
space is complete under these norms.
Observe that (u, v) solves the equation (u, v) = T (u, v) + (F,G). In order to apply the
regularity lifting lemma by contracting operators (Lemma 4.1), we fix the indices r and s
satisfying
(4.3)
1
s
−
n− 1
n
1
r
=
1
q0 + 1
−
n− 1
n
1
p0 + 1
.
Note that the interval conditions in Theorem 1.7 guarantee the existence of such pairs
(r, s). Then to arrive at the conclusion that (u, v) ∈ Lr(∂Rn+)×L
s(Rn+), we need to verify
the following conditions, for sufficiently large a. (Here T is linear, by Remark 4.2, we only
need to verify that it is shrinking.)
(i) T is shrinking from Lp0+1(∂Rn+)× L
q0+1(Rn+) to itself.
(ii) T is shrinking from Lr(∂Rn+)× L
s(Rn+) to itself.
(iii) (F,G) ∈ Lp0+1(∂Rn+)× L
q0+1(Rn+) ∩ L
r(∂Rn+)× L
s(Rn+).
We first show that T is shrinking from Lp0+1(∂Rn+) × L
q0+1(Rn+) to itself. Using the
integral inequality (1.9) together with the Ho¨lder inequality, we obtain for (h1, h2) ∈
Lp0+1(∂Rn+)× L
q0+1(Rn+),
‖T1(h2)‖Lp0+1(∂Rn+) . ‖v
q0−1
a ‖
L
q0+1
q0−1 (Rn+)
‖h2‖Lq0+1(Rn+)
. ‖va‖
q0−1
Lq0+1(Rn+)
‖h2‖Lq0+1(Rn+)
and
‖T2(h1)‖Lq0+1(Rn+) . ‖u
p0−1
a ‖
L
p0+1
p0−1 (∂Rn+)
‖h1‖Lp0+1(∂Rn+)
. ‖ua‖
p0−1
Lp0+1(∂Rn+)
‖h1‖Lp0+1(∂Rn+).
Choosing sufficient large a, in view of the integrability Lp0+1(∂Rn+)×L
q0+1(Rn+), we derive
that
‖T (h1, h2)‖p0+1,q0+1 = ‖T1(h2)‖Lp0+1(∂Rn+) + ‖T2(h1)‖Lq0+1(Rn+) ≤
1
2
‖(h1, h2)‖p0+1,q0+1.
This shows that T is shrinking from Lp0+1(∂Rn+)× L
q0+1(Rn+) to itself.
Next, we show that T is shrinking from Lr(∂Rn+)× L
s(Rn+) to itself. We use the same
tool as we did in (i), that is, the Stein-Weiss inequality with the fractional Poisson kernel
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in Theorem 1.1. Here, we only prove that ‖T2(h1)‖Ls(Rn+) ≤
1
2
‖h1‖Lr(∂Rn+). In fact,
‖T2(h1)‖Ls(Rn+) ≤ C‖u
p0−1
a h1‖Lt(∂Rn+)
≤ C‖ua‖
p0−1
Lp0+1(∂Rn+)
‖h1‖Lr(∂Rn+),
in which we choose a sufficiently large a that C‖ua‖
p0−1
Lp0+1(∂Rn+)
≤ 1
2
since u ∈ Lp0+1(∂Rn+).
Thus, ‖T2(h1)‖Ls(Rn+) ≤
1
2
‖h1‖Lr(∂Rn+) for all h1 ∈ L
r(∂Rn+). The indices r, s, t above
satisfy
1
t
=
p0 − 1
p0 + 1
+
1
r
and
1
s
=
α + β + 2− γ
n
+
n− 1
n
(
p0 − 1
p0 + 1
+
1
r
)
=
n− 1
n
1
p0 + 1
+
1
q0 + 1
−
n− 1
n
+
n− 1
n
(
p0 − 1
p0 + 1
+
1
r
)
=
n− 1
n
1
r
+
1
q0 + 1
−
1
p0 + 1
n− 1
n
.
It is also easy to check that α ≤ n−1
t′
, β < n
s
+1. Similarly we can estimate T1(h2) for any
h2 ∈ L
s(Rn+). Thus ‖T (h1, h2)‖r,s ≤
1
2
‖(h1, h2)‖r,s. This shows that T is shrinking from
Lr(∂Rn+)× L
s(Rn+) to itself.
Finally, we show that (F,G) ∈ Lp0+1(∂Rn+) × L
q0+1(Rn+) ∩ L
r(∂Rn+) × L
s(Rn+). It is
evident once one notices that ub and vb are uniformly bounded by a in Ba(0). Applying
the regularity lifting Lemma 4.1, we finish the proof of Theorem 1.7.
5. The proof of Theorem 1.8
In this section, we give the asymptotic estimate to the double weighted integral system
associated with the fractional Poisson kernel.
The Proof of Theorem 1.8: Assume that (u, v) ∈ Lp0+1(∂Rn+) × L
q0+1(Rn+) is a pair of
positive solutions of the integral system (1.15), we only prove that if 1
q0
− n+1+β−γ
q0n
> β−1
n
,
then
lim
|ξ|→0
u(ξ)|ξ|α =
∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx.
We first show that
∫
Rn+
vq0 (x)
|x|n+1−γ+β
dx < +∞. Since u ∈ Lp0+1(∂Rn+), so there exists ξ0 ∈ ∂R
n
+
satisfying |ξ0| <
R
2
such that u(ξ0) <∞. Then it follows that for any∫
Rn+\B
+
R
vq0(x)xn
|x|n+2−γ+β
dx .
∫
Rn+\B
+
R
P (x, ξ0, γ)v
q0(x)|x|−βdx . |ξ0|
αu(ξ0) <∞.
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Observe that∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx =
∫
B+R
vq0(x)xn
|x|n+2−γ+β
dx+
∫
Rn+\B
+
R
vq0(x)xn
|x|n+2−γ+β
dx.
By the Ho¨lder inequality, we derive that∫
B+R
vq0(x)xn
|x|n+2−γ+β
dx ≤
( ∫
B+R
(
1
|x|n+1−γ+β
)t
′
dx
) 1
t′
(∫
B+R
vtq0(x)dx
) 1
t0
.
In order to obtain that
∫
Rn+
vq0 (x)
|x|n+1−γ+β
dx < +∞, it suffices to show that (n+1−γ+β)t′ < n
and
1
q0t
∈
(β − 1
n
,
n+ 1− γ + β
n
)
∩
( 1
q0 + 1
−
n− 1
n
1
p0 + 1
+
α
n
,
1
q0 + 1
−
n− 1
n
1
p0 + 1
+
n+ 2− γ + α
n
)
.
According to (n+ 1− γ + β)t′ < n, we have 1
q0t
< 1
q0
− n+1+β−γ
q0n
. Obviously,
1
q0
−
n + 1 + β − γ
q0n
=
1
q0 + 1
−
1
q0
(
n− 1
n
1
p0 + 1
−
α
n
)
>
1
q0 + 1
−
n− 1
n
1
p0 + 1
+
α
n
since q0 > 1,
1
p0+1
> α
n−1
and n−1
n
1
p0+1
+ 1
q0+1
= n+α+β+1−γ
n
. Thus, we are able to choose t
such that (n+1−γ+β)t′ < n and ‖v‖Lq0t(Rn+) <∞, which leads to
∫
Rn+
vq0 (x)
|x|n+1−γ+β
dx < +∞.
Next, we prove that
lim
|ξ|→0
u(ξ)|ξ|α =
∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx.
Observe that
|
∫
Rn+
P (x, ξ, γ)vq0(x)|x|−βdx−
∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx
∣∣∣
≤
∣∣∣ ∫
B+δ
(
P (x, ξ, γ)|x|−β −
vq0(x)xn
|x|n+2−γ+β
)
dx
∣∣∣ + ∣∣∣ ∫
Rn+\B
+
δ
(
P (x, ξ, γ)|x|−β −
vq0(x)xn
|x|n+2−γ+β
)
dx
∣∣∣
= J1 + J2.
For J1, since∫
B+δ
P (x, ξ, γ)|x|−βdx ≤
∫
B+δ (ξ)
vq0(x)
|x− ξ|n+1+β−γ
dx+
∫
B+δ
vq0(x)
|x|n+1+β−γ
dx
≤ 2‖vq0‖Lt(Rn+)‖
1
|x|n+1+β−γ
‖Lt′(B+δ )
,
Then lim
δ→0
lim
|ξ|→0
J1 = 0. For J2, using the Lebesgue dominated convergence theorem, we
derive that
lim
|ξ|→0
∫
Rn+\B
+
δ
(
P (x, ξ, γ)|x|−β −
vq0(x)xn
|x|n+2−γ+β
)
dx = 0.
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Combining the above estimate, we derive that
lim
|ξ|→0
∣∣∣ ∫
Rn+
P (x, ξ, γ)vq0(x)|x|−βdx−
∫
Rn+
vq0(x)xn
|x|n+2−γ+β
dx
∣∣∣
= lim
δ→0
lim
|ξ|→0
J1 + lim
δ→0
lim
|ξ|→0
J2 = 0,
which accomplishes the proof of Theorem 1.8.
6. The proof of Theorem 1.9
In this section, we will establish the necessary condition for positive solutions to the
single weighted integral system (1.16) with the fractional Poisson kernel. For 2 ≤ γ < n,
let (u, v) ∈ Lp0+1(|ξ|−αdξ, ∂Rn+)×L
q0+1(|x|−βdx,Rn+) be a pair of C
1 positive solutions of
the following integral system{
u(ξ) =
∫
Rn+
P (x, ξ, γ)|x|−βvq0(x)dx, ξ ∈ ∂Rn+,
v(x) =
∫
∂Rn
P (x, ξ, γ)|ξ|−αup0(ξ)dξ, x ∈ Rn+.
The integration by parts yields that∫
Bn−1R \B
n−1
ε
|ξ|−αup0(ξ)(ξ · ∇u(ξ))dξ
=
1
1 + p0
∫
Bn−1R \B
n−1
ε
|ξ|−αξ · ∇(u1+p0(ξ))dξ
=
R1−α
1 + p0
∫
∂Bn−1R
up0+1(ξ)dσ +
ε1−α
1 + p0
∫
∂Bn−1ε
up0+1(ξ)dσ
−
n− 1− α
1 + p0
∫
Bn−1R \B
n−1
ε
up0+1(ξ)|ξ|−αdξ.
and∫
B+R\B
+
ε
|x|−βvq0(x)(x · ∇v(x))dx
=
R1−β
q0 + 1
∫
∂B+R
vq0+1(x)dσ +
ε1−β
q0 + 1
∫
∂B+ε
vq0+1(x)dσ −
n− β
q0 + 1
∫
B+R\B
+
ε
vq0+1(x)|x|−βdx.
Since (u, v) ∈ Lp0+1(|ξ|−αdξ, ∂Rn+)×L
q0+1(|x|−βdx,Rn+), therefore, there exists Rj → +∞
and εj → 0 such that
R1−αj
∫
∂Bn−1Rj
up0+1(ξ)dσ→ 0, R1−βj
∫
∂B+Rj
vq0+1(x)dσ → 0
and
ε1−αj
∫
∂Bn−1εj
up0+1(ξ)dσ→ 0, ε1−βj
∫
∂B+εj
vq0+1(x)dσ → 0.
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Combining the above estimate, we have∫
∂Rn+
|ξ|−αup0(ξ)(ξ · ∇u(ξ))dξ +
∫
Rn+
|x|−βvq0+1(x)(x · ∇v(x))dx
= −
n− 1− α
p0 + 1
∫
∂Rn+
up0+1(ξ)|ξ|−αdξ −
n− β
q0 + 1
∫
Rn+
vq0+1(x)|x|−βdx.
(6.1)
In view of the single weighted integral system (1.16), direct calculation leads to
∇u(ξ) · ξ =
du(ρx)
dp
|ρ=0
= −(n + 2− γ)
∫
Rn+
P (x, ξ, γ)|x− ξ|−2(ξ − x) · ξ|x|−βvq0(x)dx
(6.2)
and
∇v(x) · x =
dv(ρx)
dρ
|ρ=0
= −(n + 2− γ)
∫
∂Rn+
P (x, ξ, γ)|x− ξ|−2(x− ξ) · x|ξ|−αup0(ξ)dξ
+
∫
∂Rn+
P (x, ξ, α)|ξ|−αup0(ξ)dξ.
(6.3)
Then, it follows that∫
∂Rn+
|ξ|−αup0(ξ)(ξ · ∇u(ξ))dξ +
∫
Rn+
|x|−βvq0(x)(x · ∇v(x))dx
= −(n + 1− γ)
∫
Rn+
∫
∂Rn+
|ξ|−αP (x, ξ, α)up0(ξ)vq0(x)|x|−βdξdx
= −(n + 1− γ)
∫
∂Rn+
|ξ|−αup0+1(ξ)dξ
= −(n + 1− γ)
∫
Rn+
|x|−βvq0+1(x)dx.
This together with (6.1) implies that n−1−α
p0+1
+ n−β
q0+1
= n+ 1− γ. Then we accomplish the
proof of Theorem 1.9.
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